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ABSTRACT 


The  existence  and  uniqueness  of  solutions  for  the  equation 
max{li^u  -  f\...,lj”u  -  f™,  |du|  -  g}  ■  0  In  ft 

“'an  “  ° 

are  considered.  Here  Zp ,  p  >  1,...fm  are  second  order  uniformly  elliptic 
operators,  Du  Is  the  gradient  of  u  and  f^,  p  >■  g  are  non* 

negative  functions.  We  approximate  the  equation  by  a  system  of  penalized 
equations  and  prove  the  existence  of  solutions  In  the  class  O  w  '  (tl ) , 

The  uniqueness  of  solutions  Is  considered  In  the  class  C^(n)  O  C(n).  Not 
only  in  the  proof  of  the  uniqueness  but  also  in  the  existence  proof,  we  use 
the  notion  of  viscosity  solutions. 

Moreover  we  prove  the  uniqueness  in  the  space  C(n)  In  the  case  m  »  1. 


We  also  prove  the  uniqueness  of  viscosity  solutions  of  a  mlnlmax  equation. 
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SI6NIFICAHCB  AMD  CXPLAMATIOM 


As  the  first  order  HamiltonrJacobi  equation  is  related  to  a  control 
problem  associated  with  ordinary  differential  equations,  the  HarailtonrfJacobi- 
Bellman  (HJB)  equation  arises  from  a  control  problem  with  random  noise.  In 
the  stationary  problem,  the  HJB  equatioji  has  the  form 

[  L  I  I  ^  ^  .■  ■  ~  I 

.  sup  {Lu-f}  -  0 


where  u*  are  second  order  linear  elliptic  operators  with  pareuneter  a  e  A. 

In  this  paper,  we  are  concerned, with  the  HJB  equation  of  the  form 

(I  f 

max  -  f'’i...,L"Si  -  f®,  ,|du|  -  g}  -  0 
with  the  Dirichlet  boundary  condition  -  0.  We  cannot  expect  the  \ 

existence  of  smooth  solutions  because  of  the  obstacle  term  ^Idu)^-  g.  We 
prove  the  existence  of  solutions  which  satisfy  the  equation  almost  everywhere. 
Using  the  notion  of  weak  solution  (so  called  viscosity  solution)  we  prove  the 
uniqueness  of  the  solution  in  the  class  of  continuously  differentiable 
functions. 

The  method  of  the  uniqueness  proof  is  also  applicable  to  other  obstacle 
problems.  We  prove  uniqueness  results  in  the  class  of  continuous  functions 
for  two  model  problems. 


sy . . 
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THE  HAMILTOM-JACOBI-BELUUM  EQOATtON  WITH  A  GRADIENT  CONSTRAINT 

Naokl  yanada* 

1  •  Introduction 

In  this  paper  we  are  concerned  with  the  existence  and  uniqueness  of  solutions  of  the 
Hamilton-Jacobl-Bellman  (HJB)  equation  with  a  qradlent  constraint. 

Let  I^>  p  -  be  second  order  linear  elliptic  operators  defined  In  a  bounded 

domain  0  in  R^.  For  given  non-neqatlve  functions  f^,  p  ~  and  q,  we  consider 

the  Dirlchlet  problem 

maxfL^u  -  f\...,L"u  -  f*,  (ou(  -  g}  “  0  in  fl  , 

(1.1) 

"Uft  ■  ^  • 

Here  Du  is  the  gradient  of  a  function  u. 

Evans  [2]  was  the  first  to  treat  the  equation  with  a  gradient  constraint  in  the  case 
m>  1  in  (1.1).  Relaxing  the  restrictions  in  [2].  Ishil  and  Koike  [9]  have  proved  the 
existence  of  solutions  in  the  space  W  '  (0 )  and  the  uniqueness  in  the  class 
W^'^CO)  n  C(?))  with  r  >  N. 

On  the  other  hand,  the  HJB  equation  has  been  treated  by  many  authors.  Using  a  system 
of  variational  inequalities  Evans  and  Friedman  (61 «  Lions  [10],  and  Evans  et  Lions  [7]  have 
proved  the  existence  of  solutions  In  the  space  W^'*(n)  for  uniformly  elliptic  HJB 
equations.  Moreover  Evans  [4],  [5]  has  proved  the  existence  of  classical  solutions  for 
uniformly  elliptic  HJB  equations  (see  also  Gilbarg  and  Trudinger  [8]  Chapter  17).  By 
defining  an  appropriate  notion  of  weak  or  viscosity  solution.  Lions  [11]  has  obtained 
uniqueness  In  the  space  C(()),  with  the  aid  of  stochastic  representation  of  solutions.  In 
[11]  it  Is  not  assumed  that  the  operators  are  uniformly  elliptic,  but  rather  that  they 
contain  zero-th  order  terms  with  strictly  positive  coefficients.  Note  that  our  equation 
(1.1)  is  a  non-uniformly  elliptic  HJB  equation  without  zero-th  order  term. 

*Department  of  Mathematics,  Kobe  University,  Rokko,  Kobe,  Japan. 


In  section  2  we  state  our  assumptions  and  main  result-  Since  we  use  a  penalty  method 

to  prove  the  existence  of  solutions,  we  Introduce  In  section  3  our  penalty  systeM  and 

mention  their  solvability.  In  section  4  we  establish  a  priori  estimates  for  approximate 

solutions.  Section  S  Is  devoted  to  finishing  the  proof  of  our  main  result.  First  we 

obtain  existence  of  solutions  In  the  class  n  w  '  (ti).  then  uniqueness  of 

solutions  Is  considered  In  the  class  C^(n)  O  C(fl)  by  comparing  an  arbitrary  viscosity 

solution  with  a  limit  of  approximate  solutions.  Not  only  In  the  proof  of  the  uniqueness 

but  also  In  the  existence  proof  we  use  the  notion  of  viscosity  solutions. 

In  section  6  we  mention  two  remarks  on  the  uniqueness  of  viscosity  solutions  of 

obstacle  problems.  First  we  show  the  uniqueness  of  viscosity  solutions  In  the  space  C({] ) 

when  m>  1  In  (1.1).  Next  we  consider  a  mlnlmax  equation 

mln{max(-Au  +u-f,u-i(i^),u-i)i2}-0  In  0  , 

“Un  “  " 

and  prove  the  uniqueness  of  viscosity  solutions  In  the  space  C(fl).  In  these  proofs  we  do 
not  use  any  probabilistic  arguments. 

This  wor)c  was  completed  while  the  author  was  visiting  the  Mathematics  Research  Center 
University  of  Wlsconsln-Madlson.  The  author  would  like  to  express  his  hearty  gratitude  to 
Professor  M.  G.  Crandall  for  his  kind  advice. 


2.  Main  result 


Let  n  be  a  bounded  domain  in  with  smooth  boundary  3(2.  Consider  second  order 

elliptic  operators 

(2.1)  P  “  ' 

where  m  >  1  is  a  given  integer.  We  use  the  sumation  convention  throughout  this  paper. 

We  also  follow  normal  usage  to  denote  various  function  spaces  such  as  cP((2),  w"'  *^((2 )  or 

w"'"((2)  etc.  IduI  denotes  the  sise  of  the  gradient  of  u,  i.e.  |duI*  “  • 

*i 

We  make  the  following  assumptions  on  iP: 

2 


(2.2)  “ij^i^j  * 

for  some  8  >  0,  all  5  «  R**  and  p  -  1....,m, 


(2.3) 


P  ..P  *  JO  \ 


bT.,  b^,  c*^  €  C  (12) 


ij 


for  p  "  1,...,ra  and  1  <  i.  j  <  W. 


(2.4)  j  cP  >  Cq 

for  some  constant  Cg  >  0  in  12,  p  «  1,...,m, 

(2.5)  afj  -  afi 
for  p  •  1,...,m,  1  <  i,  j  <  N. 

On  given  functions  fP>  g  on  12,  we  impose  the  following  assumptions i 

(2.6)  fP,  g  €  c^(tf) 


for  o  1, . . .  ,m, 

(2.7)  fP,  g  >  0 

in  (2  for  p  •  1, . . .  ,m. 

Under  these  assumptions  we  may  state  our  main  theorem. 


Theorem  2.1.  (1)  Under  the  assumptions  (2.2)  -  (2.7),  there  exists  a  solution 

u  c  **1^*^*  O  w^'  (12)  of  the  equation 

max{L^u  -  f L®u  -  f”,  |du|  -  g)  ■  0  a.e.  in  12  , 


(2.8) 

">312  •  O  • 

(ii)  If,  in  addition,  g  >  0  in  12,  then  the  solution  of  (2.8)  is  unique  in  the  class 
c\o)  n  C(12),  where  the  solution  is  understood  as  a  viscosity  solution  satisfying  the 


Ixjundary  condition. 


3.  Approximate  aystems 

In  this  section  «re  construct  approximate  systems  for  (2>S)«  Let  ili  e  d*  (R)  be  a 


function  such  that 


♦  (t)  -  0  if  t  <  0,  it((t)  -  t-1  if  t  >  2 
♦•(t)  >  0,  ♦*(t)  >  0  on  R  . 


Por  e  >  0  wo  put  6g(t)  -  Yg(t)  -  i(i(t/c)-  Note  that 
(3.2)  6g(t)  <  t  B^(t)  on  R. 

We  consider  the  following  approximate  systems: 

-  f**  in  ft  , 


m+1  1 


To  prove  the  existence  of  solutions  of  (3.3)>  we  use  the  method  of  successive 
approximation.  In  the  sequel  we  omit  the  subscript  e  for  simplicity. 

Define  approximate  solutions  P  "  '»•••*“»  **  “  1*2,...,  for  (3.3)  by  induction 

on  n  as  follows: 

First,  let  u^^j  «  0  for  p  “  1,...,m.  If  P  1, .♦•»"»  have  been  determined, 

then  we  define  P  *  t,...,m,  as  the  solution  of 


,  +  fl  ( I  Du' 


P  |2  _  _2 


(n)'3n 


„  ,  .  m+1  1 

-  0,  p  -  1,...,m,  where  “  “(n-1)  ’ 


It  is  known  that  there  exist  u^^j  e  C^'°(Q),  p  -  1,...,m,  for  some  5  e  (0,1)  which 


solve  (3.4). 


If  we  see 


(3.5)  '"Tni'  1  .  < 

W^'  (R) 

for  p  “  1,...,m  and  uniformly  in  n,  then  existence  of  the  solution 
u^  €  W^''^(fl)  n  Wg'’^(n)  (1  <  r  <  ")  of  (3.3)  follows  from  linear  elliptic  theory. 
Moreover,  by  applying  regularity  results  for  elliptic  equations,  we  have  \j^  e  C^'^(n), 
p  •  1 , . . .  ,m. 


■  •*.  '■  i 


4.  X  priori  estioates 


In  this  saetion  we  shall  derive  some  a  priori  estinates  for  solutions  p  •  1,. 

of  (3.3)  which  are  independent  of  e  >  0.  We  always  assume  (2.2)  -  (2.7). 


]>nna  4.1.  We  have 

(4.1) 


0  <  uP  <  C  in  n  , 


3u! 


0  4  ■  4  c  on  3n  • 


(4.2) 

Here  and  hereafter  capital  C  denotes  various  constants  depending  on  known  constants  and 
3/9n  denotes  the  inward  normal  derivative  on  3Q. 


2  _ 

Proof.  Let  «  C  (())  be  the  solution  of 


(4.3) 


L^w*’  ”  f^  in  0  , 


-  '30  ■  °  • 


Since  !***“£  ^  **6  ^  3j}  ”  applying  the  comparison  theorem,  we  have  u^  <  w*"  in  0 . 


P  ^ 


Let  xg  c  S),  Pq  be  such  that 


(4.4) 


^0  p 

u.  (x  )  »  min  uMx) 

®  °  xen  ® 

p..1,...,IR 


We  shall  see  Ug''(xg)  >  0.  We  suppress  the  sub  and  superscripts  e,  pg  and  denote 

Pq*’ 

V  »  u^  .  First,  consider  the  case  xg  e  fl.  In  this  case  we  have  Du(Xq)  -  0  and 
u(Xg)  <  v(xg).  Hence,  we  have  applying  the  maximum  principle, 

“  *  -“ij"x.x  ‘’'o’ 
i  j 

-  f(J<g)  -  6(lnu(XQ)l^  -  g(Xjj)^)  -  Y(u(Xg)  -  v(Xp)) 

-  *’'o’  " 

-  f(Xg)  -  c(x^j)u(Xg)  . 

Prom  (2.4)  and  (2.7),  we  get  u(Xn)  >  0. 


.  ■  .-v. 


In  the  case  Xg  €  30,  it  Is  obvious  from  the  boundary  condition  that 


0  »  u(Xg)  <  u(x).  Therefore  we  have  shown  (4.1),  and  (4.2)  is  a  consequence  of  (4.1). 

Remark.  To  qet  L**(0)  and  W^'*°(30)  estimates  of  the  successive  approximate  solutions 

wo  need  only  make  a  minor  modification.  The  upper  bound  u^n)  *  *'**(>')  still  holds. 
We  shall  see  0  <  u^„j(x)  by  Induction.  It  is  obvious  in  the  case  n  -  1.  Assume  that 
0  <  **  X  £  n.  Let  Xg  €  Q,  pg  be  such  that  (4.4)  holds  where  uj* 

p  p* 

is  replaced  by  u^^j.  If  'i(n)^’'o*  ^  *0  *  ^  '^e^“(n)**o'  "  “(n-1)**0*’  ” 

Therefore  we  have  by  the  same  calculation  at  Xg  as  in  the  proof  of  Lemma  4. 1 , 

0  >  f  “(Xg)  -  C  lXo)“,„,(*g)  • 

Since  this  contradicts  the  assumptions  (2.4)  and  (2.7),  we  get  0  < 

In  the  following  we  write  Uj^,  Uj^^,  Aij^k****  fot  “xj^'  “'^^Xj'  *iJXy''’*  ' 

Lemna  4.2.  We  have 


(4.5) 

Proof .  Consider  the  function 


r  1  .A 

w’'  (fl) 


<  C 


■  0  p 

W-  (X  )  “  max  W  (x)  . 

xen 


Pn+1 


(4.6)  wP(x)  -  Idu^I^  -  XuP 

where  X  >  0  is  a  constant  to  be  selected  later  on.  Let  Xg  c  S),  pg  be  such  that 

(4.7) 

P“1, .  • .  ,ra 

We  again  suppress  the  sub  and  superscripts  ^ ,  Pg  and  denote  v  -  “  ,  S (*  ) 

B(|du|^  -  g^),  !(•)  «  Y(u-v)  and  etc. 

First  consider  the  case  Xg  £  f! .  In  this  case  we  have  by  the  maximum  principle, 
°  <  ■*ij’'lj 

-  -2aj^^u^jU,jj  -  2a^jU^^jU^  +  X  a^^u^j 

-  -2a^^u^^u^^  -  2u^SM-)(2u^tUj  -  (g^)^) 

-  2u^Y'C)(u^  ■  ’'k’ 

+  X6(*)  +  Xy(»)  +  X(n'u  -  f)  at  x„ 


-- v-^  •  J  •  V  *.v  -.i  \v  -.«  ’■>’  '■  w'v"j".wr.^7^7»^7VTr.:".^*"  ^ 


Here 


::2 


° ■  ‘ij.k^ij  -  ‘>i«ki  -  '>i,k"i  -  '="k  -  'k" 


D^u  -  +  eu 


where  we  have  used  (3.3>  and  differentiated  it  once* 
Therefore  we  get 


0  <  -  MId^uI^  -  6  •  (•  )  (4 


-  fC)  t2U|^(U|^  -  Vj^))  ■••  cIduI  +  c|duI  |d  u| 


.=  1 


+  X  {0  u  -  f  +  6  (•  )  +  T(*  >1  . 


Continuing  the  calculation/  we  obtain 


0  <  -e|D^u|^  +  cIduI^  +  XC(|Du)  +  1) 


(4.8) 


-  B-C)  (4  u^u^uj  -  2u^(q^,,  -  X(UjUj  -  g^)) 


-  1f'(*)  ' 


where  we  have  used  (3.2).  Since 


Pn  PO""’ 


2"k<Pk  -  ''k»  -  Mu  -  V)  >  W^  (Xg)  -  w^  (Xp)  >  0  , 


we  have 

(4.9)  -Y'C  )  [2Ux('J)^  -  v^)  -  X(u  -  V)]  <  0 

On  the  other  hand,  since  W£(xg)  "  0  we  got 

*  "kt'ik^t  “  • 

Therefore  wo  have 


-B'C)  (4u^u^Uj  -  2u^(q\  -  MUjUj  -  g^l 


(4. 10) 


-  -B'C)  [X  |du|^  -  211^(9^)^  +  >9^) 


Combininq^  we  qet 


0  <  c|du|^  +  xc(  |du|  +  1) 

-8'(*)  (Xloul^  -  2u^(g2).  +  Xg2] 


>/ 


s, 

y->. 


>.  V, 


becausa  otbarwtaa  wa  can  Innnadlately  darlva  a  bound 


Wa  may  asauna  that  S'(*)  >  1  at  Xg, 
for  IduI^  and  therefore  for  w.  Thua  wa  have 

(4.11)  0  <  (C-X)(Du|*  +  XC(|duI  +  1)  ♦  2u^(g2)^  -  X  . 

Now  we  chooae  X  large  enouc^  to  obtain  a  bound  for  |du|^  and  therefore  for  w  at  Xg< 
Next  conalder  the  caae  Xg  e  3(1.  In  thla  caae,  we  get  a  bound  for  w  at  once  from 
w^'”(3n)  eatimate. 

RemarX.  To  obtain  a  W  '  ((i)  bound  for  the  aucceaalve  approximate  aolutlona  we  proceed  aa 

follows.  Consider  the  function  defined  by  (4.6)  where  u^  is  replaced  by 

and  let  pg,  xg  be  aa  in  (4.7).  Ue  may  assume  xg  e  (1.  Wa  shall  show  the  boundedness  of 

lOi?  ,1  .  by  induction.  Ry  the  same  calculation  in  Lemma  4.2  wa  have  (4.8).  By  the 

^  PO  PO-1 

induction  assumption  wa  may  assume  W(jj)(xg)  >  Wjjj_,^(x^).  Then  we  hwe  (4.9).  (4.1,0)  is 

also  satisfied  in  this  case.  Hence  we  get  (4.11),  with  constants  C  independent  of  n. 


lemma  4.3.  We  have 
(4. 12) 


lu’’l 


‘  O' 


<  c  . 


Proof.  Let  C  be  a  function  in  ci^((l)  such  that  0  <  C  < 

K-  max  C(x)|d*u^(x) I 

x«n 

p* i ^  e  s • 


W6  shall  dsrivs  a  bound  of 


Without  loss  of  gsnsrallty^  wa  may  assuma  that  K  >  1#  Let  Xq  e  n ,  pQ  be  such  that 
2  ^0 

1C  “  C(Xg)|D  u^  **g^I  •h'*  the  function 

w^(x)  -  i;^(x)|D*u^(x)|^  +  Xkj:  (x)aj^j(X|j)u^  ^  (x)  +u|l>u^(x)|^ 
where  X,  u  >  1  are  constants  to  be  selected  later  on.  Let  x^  e  R,  p^  be  such  that 


e 


(X 


1 


) 


max  w^(x) 

x€?r  ® 

P" 1 , • . . ,m 


We  may  assume  that  x^  e  fl. 


In  the  following  we  suppress  ths  sub  and  superscripts  e , 


p  Q  2  2 

®(")  “  S(lf>ul  “  g  ),  7(*)  “ylu  -  v)  and  etc. 


Pl  +  1 

p^  and  denote  v  ■  u^  , 
Using  the  maximum  principle 


,nrv 


and  tha  dlffarantiatad  aquation  of  (3«3)#  wa  hava  at 

(4.13)  -  - 

-C*(2c\j  +  XKCa^^){6«C)(|Du|^  -  g^)|^(|Dul*  -  +  Y -(•  ) (u-v)^(u-v)j) 

-C*e'C){(2(:^Uj^j  +  XKCa^XlDul*  -  +  2wu^(|duI*  -  g^)^> 


-cS*C){(2C*Uj^j  +  ^w:a^)(u-v)^j  ♦  2(iu^(u-v)^) 

+  C^(2C^u^j  +  XKCaj^)(D^u  +  f^j)  +  2|ic^iij^(D^u  +  f^) 


Rare  la  an  1-th  order  differential  operator. 

If  we  chooae  X  euch  that  X  >  2N^/6 ,  then  vra  have 

(4.14)  ■*■  *  ® 

for  any  C  «  R** 

On  the  other  hand>  since  «  0  at  we  have 

(2i:^u^j  +  XR:Oj^jj)(tDuI*  -  g*)j^j  +  2iiu^(|duI^  -  g*)^ 

(4.15)  -  -2(C  "  ^''^i®ia'*w“i  ■*■  ^*“xt“)ti”ti 

>  1C{2(X0  -  2)?Id^uI^  -  XcId^uI  -  (X  +  u)C)  . 


We  also  have 


(4.16) 


(2^\l  *  ^ 

Pi  Pl+1 

>  w  (xj  -  w  (X,)  >  0  . 


The  last  six  terms  in  (4.13)  are  astlaatad  as  follows t 

+  2uC*u^(D*u  +  f^) 

-  4?  (C  ■  ^*^^i®kt*lj"ltt j 

(4.17) 

<  ec^|D*u|*  +  X^CK*  +  XCK  +  M*C  . 

Substituting  (4.14)  -  (4.17)  Into  (4.13)  anA  using  (2.2)  wa  haws 
0  <  -2wec^lD*ul^  ■*•  X^CK^  ■♦•  XCK  +  u*C 

(4.18) 

-  C^*8' (•  ){2(Xe-2)Clo^ul*  -  Xc|d*u|  -  (X-H))C> 
at  x^  whara  X  >  2N^/6. 

First  consldar  tha  casa 

2ljec*|D^u|^  <  X^CK*  +  XCK  +  »i*C  at  x^  . 

Than  we  have 


Pi  ^  5  .  2  i2  12 

Wg  (X))  <  X‘‘cc^(x,)|d  u^  (X^)!  +  J  k‘  ♦  WC 


If  wa  elioosa  u  so  larga  that  4X^C  <  2uS>  than  wa  hava 


*^1  12 
Wg  (x^)  <  Y  K  +  CK  ■*■  C 


On  tha  othar  hand  slnca 


Po. .  .  Pq. 


Po...  Po, 


“ktV'*o’  *  <’‘o>  *  p  ‘*0’  -  '  ‘’‘0’ 


>  -c  , 


wa  hava 
(4.19) 


*^0  2 

w^  (Xq)  >  k'  -  XCK  -  UC 


Thar a fora  wa  gat 


(4.20) 

which  implies  the  bounAedneee  of  K. 
Next  consider  the  case 


at  c 


2(Xe  -  2)C|d*uI^  <  xcId*u|  ♦  (X  u)C  at  x, 
If  we  choose  X  satisfyinq  1  <  2(X6  -  2)«  then  we  haws 

C^Id^uI^  <  Xcclo^ttl  (X  •fv)C  at  x^ 


which  implies  the  boundedness  of 


Hence  we  haws 


e 


(X. 


)  <  at  c  . 


By  (4.19),  we  also  have  (4.20)  in  this  ease,  therefore  the  proof  is  completed 


rj-.-r.  y.-.V7. V  \V'\V t.TT* '4,* '.'T.',n' apj  -yj t.  '.- j  :■. 


5.  Proof  of  ttio  main  roault 

In  this  sactlon  ws  shall  provs  ths  sxistsnce  of  solutions  in  Wj^"(n)  n  vi’‘^(n)  and 
ths  unlquensss  of  ths  viscosity  solution  In  ths  class  c\fl)  O  0(0),  which  complstss  ths 
proof  of  ‘nisorsai  2. 1. 

Lsnaa  S.1.  Msrs  sxlsts  a  solution  u  of  (2*8)  bslonglng  to  H  H  '  (Q). 

Proof,  From  a  priori  astlnatss  in  ths  prscsding  ssctlon,  wa  can  chooss  a  asqusncs  e j 
(which  wa  simply  dsnota  e )  such  that 


(5.1) 


Ug  ♦  tt^,  Du]^  ♦  Du^  uniformly  in  0  , 


D^u?  ♦  O^u**  weakly  in  L*  (0)  with  r  <  * 

€  KOC 


Since  ~  tt^^)  are  locally  bounded,  it  follows  that  the  u^  defined  in  (5.1) 

satisfy  u^“**»“u®=u<  ^  W^'*(0).  We  shall  prove  that  u  solves  (2.8). 

First  we  note  that  iPu^  -  fP  <  0  a.e.  in  0.  Bence  we  Itave  iPu  -  fl*  <  0  a.e.  in  0, 
p  »  1,...,m.  Since  6g(lr»u^l*  -  g^)  are  also  locally  bounded,  we  get 

(5.2)  max{L^u  -  f\...,L'"u  -  f* ,  |du|  -  g}  <  0  a.e.  in  0  . 

To  prove  the  Ineguality  in  the  opposite  direction,  it  is  sufficient  to  show  that  u 
is  a  viscosity  supersolution  of  (2.8).  Let  f  e  C^(Q)  and  assume  that  u  •  s  talces  its 


local  strict  minimum  at  Xq  e  Q.  He  shall  show 


(5.3) 


max  I®*  I  "  5r)  *  0 

P”1 , . . . ,m  ^  ^ 


at  x. 


0  • 


Since  |Df(xg)|  >  g(xg)  Implies  (5.3),  we  may  assume  |Ds(xg)|  <  g(xg).  Since 

converges  to  u  uniformly,  there  exists  a  aeguence  {x^}  C  R  such  that 

(i)  lim  for  any  p  ■  1,...,m  , 

e*0 

(il)  u^  -  f  attains  its  local  sdnimum  at  x^  , 

(iii)  lDf(xP)|  <  g(x^)  . 


For  each  e,  let  p(e)  be  such  that 
(5.4) 


(u^'®’  -  f )(xP*®’)  -  min  (uP-f)(xP)  . 

P*1  ^  e  e  mfll 


-13- 


Sine*  p  varies  in  a  finite  set  there  exists  p  which  appears  infinitely  many  times  in 
(5.4).  Consider  such  p  and  e  such  that  p(e)  ~  p.  Then  we  have  ~  9^)  ~  0 

and  ~  ’‘e*  *  viscosity  supersolution  of  (3.3),  we 


“*ij*ij  *  ‘’i’i  ^  °‘’"e  ^  ’‘e  • 

Passing  to  the  limit  as  e  0,  along  which  we  take  p  -  p(e),  we  have  (5.3). 

Lenea  5.2.  Assume  g  >  0  in  0.  then  the  viscosity  solution  of  (2.8)  is  unique  in  the 
class  c''(n)nc(n). 

Proof.  By  Lemma  5.1  we  have  a  solution  u  belonging  to  M  '  (^  )  and 

approximate  solutions  u^  which  converge  to  u  along  a  subsequence.  In  the  following  we 
fix  such  a  u  and  convergent  approximate  solutions  u^^  (simply  we  denote  <^). 

Let  V  be  any  viscosity  solution  of  (2.8)  which  belongs  to  0^(0)  n  0(0). 

First  we  claim  that  v  <  u  in  0.  If  not,  there  exist  Xq  e  0  and  Pq  such  that 

Pfl  p 

(5.5)  (v  -  u,  )(x-)  -  max  (v  -  uf)(x)  >  0  . 

®  ®  x«Q  ® 

P*  1  ^  e  e  e  |»Bl 

Slnc«  V  is  «  viscosity  subsolution,  we  have 


Pq  ^0  **0  **0 

-  a.  .u„  .  .  ♦  b,  u,  .  +  c  V  <  f  at  x„  , 
ij  e,ij  i  e,i  0 


~  0  2  2 

The  second  inequality  in  (5.6)  implies  8  (|Du  I  -  g  >  “  0  at  Xq  and  (5.5)  implies 


...  -  e  — e  « 

Po 

Yg(Ug  "  “e  )  “  8  at  xq.  Hence  we  have 

PoPfl  ^^‘’oPo  ,  PqPo  /o  ^ 

-^l"e,i4^^"c,i^P  "c  -t  Xo  . 

Subtracting  this  from  the  first  Inequality  in  (5.6),  we  get 

c^®(Xg)(v  -  u_®)(xg)  <  0  , 


which  la  a  contradiction 


next  w«  shall  show  that  pu  <  v  in  n  for  0  <  p  <  1.  If  not,  thsrs  exist 
P  e  (0,1)  and  xg  e  0  such  that 

(5.7)  (V  -  Pu)(X||)  “  «ln  (w  -  pu)  <  0  . 

xeO 

Since  V  e  c'(fl)  we  have  |Dv(xg)|  -  p|Du(Xg)|  <  9(Xq).  then  there  exists  a  ball  U  with 
center  Xg  satisfying 

(S.B)  |Dv|  <  g  in  D  . 

nils  implies  that  v  is  a  viscosity  auperaolution  of 

(5.9)  max  {t**v  -  f**>  -  0  in  U  . 

p>1, . . .  ,m 

Consequently  v  is  a  viscosity  solution  of  (S.9)  in  O.  Considering  (S.9)  with  lx>undary 
condition  9  •  known  (Evans  (4),  [S] ,  Gllbarg  and  Trudlnger  [8]  Chapter  17) 

that  (S.9)  )ias  a  smooth  solution.  On  the  other  hand  it  is  also  known  (Lions  [11])  that  the 
viscosity  solution  of  (5.9)  is  unique.  ‘Aierefore  we  can  conclude  that  v  is  the  smooth 
solution  of  (5.9)  in  0. 

By  a  selection  lemma,  there  exists  a  measurable  function  p  i  D {1,...,ii}  such  that 

jpMy  -  fP<’‘»  -  0  a.e.  in  0  . 

Since  u  is  a  subsolution  of  (5.9)  we  have 

(5.10)  I^'^’‘’(v  -  pu)(x)  -  (1-p)fP<*’  >  0  a.e.  in  0  . 

On  the  other  hand  by  Bony's  maximum  principle  we  get 

(5.11)  11m  ess  inf  h?^*Nv-pu).  )  <  0  . 

X*Xj, 

Combining  (5.10)  and  (5.11)  we  have 

P(*n)  P**0> 

C  ”  (Xg)(V-PU)(Xg)  -  (1-p)f  "  (Xg)  >  0 

Which  contradicts  (5.7). 

Since  p  is  arbitrary  in  (0,1)  we  have  v  =  u  in  R.  This  completes  the  proof. 


By  Lemmas  5.1  and  5.2  we  have  completed  the  proof  of  Theorem  2.1. 


Slnca  Leima  5.2  asserta  that  any  viacoaity  aolutlon  in  C'(Q)  O  0(0)  can  ba 


approxlmatad  by  aolationa  of  tha  approxlMta  ayatam>  wa  hava  tha  following  eoaipariaon 

raault. 


Corollary  5.3.  Lot  u  e  CCO)  ba  a  viacoaity  eolation  of 


(2.8) 


max  {L**u  -  f**,  I  On  I  -  g)  «  0  in  tl  , 

P*  1  f  a  a  a  ^fll 


“'an  “  ® 


and  u  e  C  (0)  O  C(0)  ba  a  viacoaity  aolution  of 


(2ae) 


max  {L*u  -  f**,  lottl  -  g)  “  0  in  n  , 

p<*1, . ..  ,m 


“'an  “  ® 


If  0  <  fP  <  fP,  p  -  1 


,m  and  0<g<g  in  n,  than  u  <  u  in  n . 


6>  RaMrka  on  th«  unlquanaaa  of  viaeoalty  aolution  for  obatacla  problana 


In  thla  aectlon  wa  ahow  that  tha  unlquanaaa  of  vlacoalty  aolutlona  for  ao*M  othar 
claaaaa  of  obatacla  problama  can  ba  provad  by  tha  aaoM  Mthod  aa  In  tha  pravloua  aactlona. 
To  avoid  naadlaaa  capatltlon,  wa  conaldar  tha  aodalad  operator  Lu  -  -du  -f  a.  Nota  that 
tha  following  proofa  ara  baaad  on  tha  eonvarganea  of  approxiaata  aolutiona  of  panaliaad 
aquationa  and  do  not  uaa  any  probabiliatic  arguawnta. 

d.l-  Iha  caaa  a  •  1> 

Conaidar  tha  aquation 

aax{-du  -f  u  -  f<  |0u|  -  g}  >  0  a.a*  in  fl  , 


(6.1) 


whera  f  and  g  ara  aakooth  and  t  >  0,  g  >  0  inO.  Thin  aquation  han  baan  conaidarad 
in  Evana  [2],  [31  and  lahii  and  Koika  [9].  Thay  provad  tha  uniquanaan  of  aolutiona  in  tha 
claaa  C(^)  with  r  >  M.  Wa  provad  in  Laanut  S.2  that  for  nora  ganaral  aquationa 

the  viacoaity  aolution  of  (6.1)  ia  unique  in  tha  claaa  C^(Q)  n  CliT).  Moraovar  in  thia 
caaa  wa  have  tha  uniquenaaa  in  tha  apace  0(0). 

Thaoran  6.1.  lha  viacoaity  aolution  of  (6.1)  ia  unique  in  tha  claaa  C(fl). 


Proof.  Let  u^  ba  a  aolution  of  tha  approxiMta  aquation 


-du^  '*■'**'*'  *  in  tl 


(6.2) 


"eUn  -  " 


By  the  name  argument  aa  in  aactiona  3,  4  and  Lemma  5.1  (or  by  Evana  [2]),  there  axiat 
u  e  i*£gg(^)  OH'  (0)  and  a  aubaaquanca  (aimply  wa  denote  •  e)  which  convergea 

to  u  aa  in  (5.1). 

Let  V  e  C(fl)  ba  any  viacoaity  aolution.  By  the  aama  argument  aa  in  tha  firat  claim 
in  Lemma  5.2  wa  hava  v  <  u  in  R. 

Wa  ahall  ahow  that  pu  <  v  in  R  for  0  <  p  <  1.  If  not,  wo  can  find  p  e  (0,1), 
Xg^  (again  wa  denote  •  e)  and  Xg  e  R  auch  that 


(i)  *  *0  **  ®  *  0  • 

(6.3)  (ii)  (▼  -  Pu  )(x,)  -  rain  (v  -  pu  )(x)  , 

'  ®  xeir  ® 

(iii)  (v  -  pa)(x. )  “  rain  (v  -  pu)(x)  <  0  . 

®  xeff 

Sincra  p|Dtt(Xg)|  <  g(xj)  w«  hav«  p|Dag(Xg)|  <  g(Xg)  for  mrall  e.  Sine*  v  is  a 
viscosity  sapsrsolation ,  this  inpliss 

(6.4)  -  pAuj  +  V  >  f  at  Xg  . 

Fran  (6.2)  we  have 

-  pAUj  +  pUg  <  pf  in  R  . 

Subtracting  this  fron  (6.4)  and  lotting  e  ♦  0  ws  have 

(v-pu)(xg)  -  (l-p)f(xp)  >  0  . 

ms  contradicts  (6.3  -  lii). 

6.2.  Vhriational  inagualitias 
Consider  a  raininax  aquation 

ain{nax{-Au  +  u  -  f,  u  -  ^i^),  u  -  -  0  a. a.  in  0  , 

(6.5) 


whara  ft  and  smooth  functions  satisfying  <  'I’i  in  ^  and 

’'’2lan  <  0  <  ♦lUfl- 

It  is  convaniant  to  forraulata  tha  notion  of  viscosity  solutions  of  (6.5)  in  tha 
following  manner.  Wo  say  that  u  «  C(n)  is  a  viscosity  solution  of  (6.5)  if  both  (0)  and 
(1)  hold! 

(0)  *2  <  u  <  ♦,  in  R,  uljj,  -  0  . 

(1)  Let  »  €  C*(R) 

(6.6)  (1)  if  u  -  V  attains  its  local  raaxlnura  at  Xg  e  R  and 

62(Wg)  <  u(xg),  than  -As  +  u  <  f  at  Xq  , 

(11)  if  u  -  V  attains  its  local  minimun  at  Xg  c  R  and 
u(Xg)  <  i)i^(xg),  than  +  u  >  f  at  Xg. 


Sine*  (6.5)  1*  •quivalent  to  the  following  variational  inaquallti**  with  bilataral 
eonstrainta i 

*2  <  “  *  *1  “IjQ  “  ®  ' 

-Au+u“f  on  » 

-Att  +  a>f  on  (xeQln-^j)  , 

-Ao  +  u<f  on  {xeB|o“^^}  , 

it  la  Vnown  (Banaouaaan  «t  Idona  (11.  Chaptar  3.  Saction  5)  that  thara  axiata  a  aolution 

u  e  with  r  >  N  which  la  a  limit  of  aolutlona  of  th*  panaliaad  aquation 

-  Au^  +  +  8^{u^  -  ♦,)  -  8^ (*2  -  u^)  -  f  in  «  , 

(6.7) 

"eUn  “  ®  • 

Thaoram  6.2.  Lat  v  c  C(Q)  ba  a  viacoaity  aolution  of  (6.5).  ntan  wa  hav*  u  •  v  in 


Proof,  w*  prov*  only  v  <  u  in  0  baeauaa  th*  inaquality  in  tha  oppoaita  diraction  can 
b*  proved  aladlarly. 

If  V  <  u  in  0  doaa  not  hold,  thara  axiat  x^^  (again  w*  danot*  •  e)  and 
xg  e  n  auch  that 

(i)  *e  ♦  Xg  aa  e  ♦  0  . 

(6.8)  (il)  (V  “  tt. )(x  )  -  max  (v  -  u  )(x)  . 

C  6  yp  C 

xeCT 

(iii)  (V  -  u)(x  )  -  max  (v  -  u)(x)  >  0  . 

”  xeiT 

Sine*  ilij  ^  ^  xt  Xg.  w*  hav*  <^2  ^  ^  <  v  <  <1^  near  Xg.  nien 


(6.6  -  i)  Impliaa 


Aug  +  V  <  f  at  Xj 


W*  alao  hav*  8^(Ug  -  >(1^)  «  0.  Henca  from  (6.7)  w*  get 


(6.10) 


-  Aug  +  Ug  >  f  at  Xg 


Combining  (6.9).  (6.10)  and  letting  e  0,  we  have 


(V  -  tt)(Xg)  <  0 


which  ia  a  contradiction. 
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operators f  t3u  is  the  gradient  of  u  and  f^,  p  -  g  are  non¬ 

negative  functions.  We  approximate  the  equation  by  a  system  of  penalized 

equations  and  prove  the  existence  of  solutions  in  the  class  D  w  '  ( 

The  uniqueness  of  solutions  is  considered  in  the  class  0^(0)  O  C{il).  Hot 
only  in  the  proof  of  the  uniqueness  but  also  in  the  existence  proof,  we  use 
the  notion  of  viscosity  solutions. 

Moreover  we  prove  the  uniqueness  in  the  space  C  (0 )  in  the  case  m  ’»  1 
We  also  prove  the  uniqueness  of  viscosity  solutions  of  a  minimax  equation. 


